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TRIANGULAR DE RHAM COHOMOLOGY
OF COMPACT KA¨HLER MANIFOLDS
A. Brudnyi, A. Onishchik
Ben Gurion University of the Negev, Yaroslavl State University
Abstract. We study the de Rham 1-cohomology H1
DR
(M,G) of a smooth manifold
M with values in a Lie group G. By definition, this is the quotient of the set of flat
connections in the trivial principal bundle M×G by the so-called gauge equivalence.
We consider the case when M is a compact Ka¨hler manifold and G is a solvable
complex linear algebraic group of a special class which contains the Borel subgroups
of all complex classical groups and, in particular, the group Tn(C) of all triangular
matrices. In this case, we get a description of the set H1
DR
(M,G) in terms of the
1-cohomology of M with values in the (abelian) sheaves of flat sections of certain flat
Lie algebra bundles with fibre g (the Lie algebra of G) or, equivalently, in terms of
the harmonic forms on M representing this cohomology.
0. Introduction
The paper is devoted to the study of the de Rham 1-cohomology H1DR(M,G)
of a smooth manifold M with values in a Lie group G. If G is non-abelian, then
H1DR(M,G) admits no natural group structure and is usually regarded as a set
with a distinguished point. By definition, this is the quotient of the set of flat
connections in the trivial principal bundle M × G by the so-called gauge equiva-
lence, the distinguished point being the class of the zero connection. Note that the
de Rham 1-cohomology set has two important interpretations. First, H1DR(M,G)
admits a natural injection into the Cˇech 1-cohomology set H1(M,G), the image
being interpreted as the set of smoothly (or topologically) trivial flat principal bun-
dles with base M and structure group G. In the case G = R, this correspondence
is the classical de Rham isomorphism. Second, any flat connection determines
the holonomy homomorphism π1(M) → G, giving rise to an injective mapping
H1DR(M,G)→ Hom(π1(M), G)/ IntG. If G is contractible (e.g., solvable and sim-
ply connected), then any smooth principal bundle with structure group G is trivial,
and both injections are bijections.
We consider the case when M is a compact Ka¨hler manifold and G is a solvable
complex linear algebraic group of a special class which contains the Borel subgroups
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of all complex classical groups and, in particular, the group Tn(C) of all non-singular
triangular n×n-matrices. In this case, we get a description of the set H1DR(M,G) in
terms of the 1-cohomology ofM with values in the (abelian) sheaves of flat sections
of certain flat Lie algebra bundles with fibre g (the Lie algebra of G) or, equivalently,
in terms of the harmonic forms on M representing this cohomology. Our method
is based on using the non-abelian Dolbeault cohomology set H0,1(M,G) of M with
values in G that is defined similarly to the de Rham cohomology set and essentially
exploits the properties of the Hodge decomposition on a compact Ka¨hler manifold.
The paper is devided into two sections. The first one contains the necessary facts
on non-abelian de Rham and Dolbeault cohomology. In particular, the technics of
twisting described here is very important for the sequel. The proofs are omitted,
referring the reader to [O3, O4]. We also expose some facts on Hodge theory for
flat vector bundles.
Section 2 contains formulations and proofs of the main results of the paper.
We introduce the so-called Hodge property for solvable complex algebraic groups.
Lemma 2.2 gives a method to construct groups having this property, while Theorem
2.1 presents a list of such groups including the Borel subgroups of classical complex
linear groups (one of these subgroups is Tn(C)). The Hodge property for G im-
plies, in particular, that the natural mapping Π∗0,1 : H
1
DR(M,G) → H
0,1(M,G) is
surjective whenever M is compact and Ka¨hler. Theorem 2.2 describes the so-called
canonical representatives of de Rham cohomology classes in terms of harmonic forms
with values in certain Lie algebra bundles. The final result about H1DR(M,G) is
formulated as Theorem 2.3. In the last subsection, we formulate two results that
can be proved by the same argument as Theorem 2.3. Theorem 2.4 gives a descrip-
tion of a twisted version of the de Rham cohomology of a compact Ka¨hler manifold
M with values in the unipotent radical of a group G having the Hodge property. In
Theorem 2.5, the situation is considered when such a group G is a subgroup of an
algebraic group Gˆ. Here we describe the quotient of the set of flat connections ω on
M × Gˆ such that Π0,1ω takes its values in g by the gauge equivalence determined
by G.
In the case when G = Tn(C), the main results of the paper were proved in the
research thesis [Br1] of the first author. The thesis also contains applications of
these results to the study of the fundamental group π1(M) of a compact Ka¨hler
manifoldM and, in particular, a classification of compact solvmanifolds that admit
Ka¨hler structures. These applications will be published in [Br2].
1. De Rham and Dolbeault cohomology with values in a Lie group
1.1. Here we discuss a non-linear cochain complex that coincides, in the classical
abelian case, with the initial part of the usual de Rham complex of a smooth
manifold. We follow [O3], Sections 4 and 5, and [O4], Section 2.
Let us first introduce some notation. Let X be a topological space, F a sheaf
of (non-necessary abelian) groups on X . Then one defines the 0-cohomology group
H0(X,F) which coincides with the group of global sections Γ(X,F). One also
defines the Cˇech 1-cohomology H1(X,F) which in general is not a group, but
merely a set with a distinguished point. Let U be an open cover of X . In a usual
way, one defines the groups of p-cochains Cp(U,F), p ≥ 0, and the set of 1-cocycles
Z1(U,F) = {z ∈ C1(U,F) | zijzjk = zik in Ui ∩ Uj ∩ Uj 6= ∅}.
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There is an action ρ of C0(U,F) on C1(U,F) given by
(ρ(a)(c))ij = cizijc
−1
j .
The set Z1(U,F) is invariant under ρ. Forming the quotient H1(U,F) =
Z1(U,F)/ρ(C0(U,F)) and passing to a limit over all open covers U, one obtains the
cohomology set H1(X,F). Its distinguished point ε is the class of the unit cocycle
e ∈ Z1(U,F).
Let nowG be a Lie group. For any smooth manifoldM , denote by FG the sheaf of
germs of smooth G-valued functions on M . In particular, F = FR is the structure
sheaf of M . Clearly, FG is a sheaf of groups. The 0-cohomology H
0(M,FG) is
the group FG of global smooth functions M → G, while the 1-cohomology set
H1(M,FG) is usually identified with the set of all smooth principal bundles with
base M and structure group G (regarded up to isomorphy). Namely, if U = (Ui) is
an open cover of M , then any z ∈ Z1(U,FG) determines the principal bundle with
the transition functions zij got from M ×G by twisting with the help of z; this is
the bundle corresponding to the cohomology class ζ ∈ H1(M,FG) of the cocycle z.
The unit element ε ∈ H1(M,FG) corresponds to the trivial bundle M ×G.
Clearly, we may identify the constant sheaf G on M with the subsheaf of FG
consisting of germs of flat (i.e., locally constant) functions. Now, H0(M,G) is the
group of all flat functions M → G. The set H1(M,G) will be interpreted as the set
of flat principal bundles with base M and structure group G, i.e., principal bundles
with locally constant transition functions, regarded up to corresponding isomorphy.
Let g be the tangent Lie algebra of G and Φg =
⊕
p≥0 Φ
p
g the graded sheaf of
g-valued smooth forms on M . This is a sheaf of graded Lie superalgebras, the
bracket [ , ] being induced by that of g. Denoting Apg = Γ(G,Φ
p
g), we obtain the
usual g-valued de Rham complex (Ag, d), where Ag =
⊕
p≥0A
p
g has a structure of
graded Lie superalgebra and the exterior derivative d is its derivation of degree 1.
In order to define the desired non-linear complex, we denote by ̟ ∈ A1g the
canonical 1-form on G assigning to any tangent vector v at g ∈ G the vector
dgr
−1
g (v) ∈ g, where rg : x 7→ xg is the right translation corresponding to g.
Consider the triple of groups RG = {R
0
G, R
1
G, R
2
G} = {FG, A
1
g, A
2
g} and define the
coboundary operators δ0 : R
0
G → R
1
G and δ1 : R
1
G → R
2
G by
δ0(g) = g
∗(̟), g ∈ FG,(1.1)
δ1(α) = dα−
1
2
[α, α], α ∈ A1g.(1.2)
Note that R0G = FG acts on the graded algebra Ag by automorphisms induced by
the adjoint representation Ad of G. Denoting this action by Ad, we have
(1.3) d(Ad g(α)) = Ad g(dα) + [δ0(g),Ad g(α)].
One checks easily that δ0 : FG → A
1
g is a crossed homomorphism with respect to
Ad, i.e.,
(1.4) δ0(gh) = δ0(g) + Ad g(δ0(h)).
This gives rise to the following affine action of R0G on R
1
G = A
1
g by so-called gauge
transformations:
(1.5) ρ(g)(α) = Ad g(α) + δ0(g),
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In what follows, G often will be a Lie subgroup of the linear group GLm(R). In
this case, the coboundary operators δp and the actions Ad and ρ can be written as
follows:
δ0(g) = (dg)g
−1,
δ1(α) = dα− α ∧ α,
Ad g(α) = gαg−1,
ρ(g)(α) = gαg−1 + (dg)g−1.
Using (1.3), one easily verifies the following relation:
(1.6) δ1 ◦ ρ(g) = Ad g ◦ δ1.
This means that the triple RG together with the mappings δp, p = 0, 1, and the
actions Ad and ρ is a non-abelian cochain complex in the sense of [O3, O4]. It is
called the de Rham complex with values in G.
Introduce the sets of cocycles
Zp(RG) = Ker δp = δ
−1
p (0), p = 0, 1.
Then Z0(RG) is a subgroup of FG. Now, the subset Z
1(RG) is invariant under ρ
due to (1.6). We define the de Rham cohomology of M with values in G (or the
cohomology of the complex RG) by
H0DR(M,G) = H
0(RG) = Z
0(RG),
H1DR(M,G) = H
1(RG) = Z
1(RG)/ρ(FG).
Then H0DR(M,G) = H
0(M,G). If G is non-abelian, then the set H1DR(M,G) does
not admit any natural group structure. We regard it as a set with the distinguished
point ε = ρ(FG)(0). The cohomology class of a cocycle ω ∈ Z
1(RG) will be denoted
by [ω].
Note that on the sheaf level we get the following exact sequence of sheaves:
(1.7) e→ G
i
→ FG
δ0→ Φ1g
δ1→ Φ2g,
where i is the natural injection. It implies the following relation between the de
Rham and the Cˇech 1-cohomology (see [O3], Section 5).
Proposition 1.1. We have the following exact sequence of sets with distinguished
points:
(1.8) e→ H1DR(M,G)
µ
→ H1(M,G)
i∗1→ H1(M,FG).
Here i∗1 is determined by i, while µ is defined as follows. For any cocycle ω ∈
Z1(RG), choose an open cover U = (Ui) of M such that ω = δ0(ci) in any Ui for
certain smooth ci : Ui → G. Then zij = c
−1
i cj form a cocycle z = (zij) ∈ Z
1(U, G),
and µ sends [ω] to the cohomology class of z.
The exactitude of (1.8) means that µ maps bijectively the set H1DR(M,G) onto
the subset of those flat bundles from H1(M,G) which are trivial as smooth bundles.
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In the case G = R, the complex RG is, clearly, a part of the classical de Rham
complex, and (1.8) gives the de Rham theorem for the 1-cohomology.
If G is non-abelian, then (1.8) is not an exact sequence of groups and their
homomorphisms, and so the fibres of the mapping i∗1 cannot be described in terms
of its kernel. To describe these fibres, it is necessary to consider twisted versions of
the de Rham complex.
Now we discuss certain twisting constructions. Let S be a sheaf of sets on X
and let us denote by AutS the sheaf of germs of automorphisms of this sheaf. Its
sections over an open set U ⊂ X are, by definition, bijective continuous mappings
S|U → S|U leaving each stalk invariant. Clearly, AutS is a sheaf of groups. Let
U = (Ui) be an open cover of X , and fix a cocycle z ∈ Z
1(U,AutS). Then we can
twist S with the help of z getting a new sheaf Sz on X . This means that we glue
together any two sheaves S|Ui and S|Uj over Ui ∩ Uj 6= ∅ identifying ai ∈ (S|Ui)x
and aj ∈ (S|Uj)x, x ∈ Ui ∩ Uj , under the condition ai = zij(aj). If S is a sheaf of
groups and we use automorphisms of a sheaf of groups, then, clearly, Sz is a sheaf
of groups, too, etc.
The twisted sheaf Sz depends, up to isomorphism, only on the cohomology class
ζ ∈ H1(X,AutS) determined by z. E.g., if z is cohomologous to e, i.e., zij = cic
−1
j
for a 0-cochain c ∈ C0(U,AutS), then ai = zij(aj) implies c
−1
i (ai) = c
−1
j (aj).
Thus, the correspondence (ai) 7→ (c
−1
i (ai)) is an isomorphism of S
z onto S.
Note that any section s ∈ Γ(U,Sz) is given by a 0-cochain (si), where si ∈
Γ(U ∩ Ui,S), satisfying si = zij(sj) over U ∩ Ui ∩ Uj .
To twist the de Rham complex with values in a Lie group G, suppose that a
cocycle z ∈ Z1(U,AutG) is given, AutG being the group of automorphisms of G.
Consider the twisted sheaf of groups Gz. We can realize it as the sheaf CE of locally
constant sections of the flat group bundle E which is got from M ×G by twisting
with the help of z. Any automorphism of G induces an automorphism of FG, and
hence we get the twisted sheaf (FG)
z which is the sheaf FE of smooth sections of
E. We also have the cocycle dz of automorphisms of the Lie algebra g giving rise to
the twisted sheaves (Φpg)
dz, p ≥ 0; these are the sheaves Φpe of p-forms with values
in the Lie algebra bundle e which is got from M × g by twisting with the help of
dz.
Define now the graded Lie superalgebra Ae =
⊕
p≥0A
p
e , where A
p
e = Γ(M,Φ
p
e).
Setting
(dα)i = dαi,
we correctly define a derivation d of Ae giving rise to the twisted de Rham complex
(Ae, d). Its cohomology is denoted by H
p
DR(M, e), by a generalized de Rham the-
orem it is isomorphic to Hp(M, Ce). The non-linear twisted complex is defined as
the triple RE = {R
0
E, R
1
E , R
2
E}, where R
0
E = FE = Γ(M,FE), R
p
E = A
p
e , p = 1, 2.
The coboundary operators and the actions of FE are correctly defined by
(1.9)
(δ0(f))i = (δ0(fi)) for f = (fi) ∈ FE ,
(δ1(α))i = (δ1(αi)) for α = (αi) ∈ A
1
e ,
(Ad f(α))i = (Ad fi(α)i) for α = (αi) ∈ A
p
e ,
(ρ(f)(α))i = (ρ(fi)(α)i) for α = (αi) ∈ A
1
e .
As above, we obtain a non-abelian cochain complex. One defines the 0-cohomology
group H0DR(M,E) = H
0(RE) = Z
0(RE) and the 1-cohomology set H
1
DR(M,E) =
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H1(RE) = Z
1(RE)/ρ(FE). The group H
0
DR(M,E) coincides with the group
H0(M, CE) of flat sections of E. Generalizing (1.8), we get the following exact
sequence of sets with distinguished points:
(1.10) e→ H1DR(M,E)
µ
→ H1(M, CE)
i∗1→ H1(M,FG).
Let us denote by Int h the inner automorphism x 7→ hxh−1 of a group H de-
termined by h ∈ H. Suppose that z = Int z, i.e., zij = Int zij , where z = (zij) ∈
Z1(U, G). Denote by P the flat principal bundle with the structure group G over
M corresponding to z. Then E = IntP is the group bundle associated to P by
the action Int of G on itself by inner automorphisms, and e = AdP is the Lie
algebra bundle associated to P by the adjoint representation Ad of G on g. The
vector space R1IntP = A
1
AdP can be interpreted as the space of connections in P (re-
garded as a smooth principal bundle), while δ1(α) ∈ R
2
IntP = A
2
AdP is interpreted
as the curvature of a connection α, so that Z1(RIntP ) is the set of connections
with zero curvature (or flat connections). Now, R0IntP = FIntP is identified with
the group of smooth automorphisms of the principal bundle P (inducing the iden-
tity mapping of the base M), and ρ is the action of this group on A1AdP by gauge
transformations. By definition, H1(RIntP ) = H
1
DR(M, IntP ) is the quotient of
Z1(RIntP ) by this action. Also H
0(RIntP ) = H
0(M, CIntP ) is the group of flat
automorphisms of P . There exists a natural bijection of H1(RIntP ) onto the subset
(i∗1)
−1(i∗1(ζ)) ⊂ H
1(M,G) of all flat principal bundles isomorphic to P as smooth
bundles (or, which is the same, onto the set of all flat structures in the bundle P re-
garded as a smooth principal bundle, up to automorphisms of this smooth bundle),
see [O3], Section 5.
Now we consider the special case when P is trivial (as a smooth bundle). This
means that the cohomology class ζ of z lies in Imµ (see (1.8)). More precisely, we
may suppose that zij = c
−1
i cj , where ci ∈ Γ(Ui,FG). Then γ = δ0(ci) is a well-
defined global form from Z1(RG) such that [γ] satisfies µ([γ]) = ζ. The cochain
(ci) determines an isomorphism of groups t : R
0
IntP → R
0
G = FG given by
(1.11) t((gi)) = cigic
−1
i in Ui.
Similarly, we get an isomorphism of graded Lie superalgebras τ : AAdP → Ag given
on the p-components by
(1.12) τp((αi)) = Ad ci(αi) in Ui, (αi) ∈ A
p
AdP .
This is not an isomorphism of complexes. More precisely, we see from (1.3) that
τ ◦ d = (d− ad γ) ◦ τ,
where ad γ : α 7→ [γ, α] is the adjoint operator in Ag associated with γ. Thus, the
following is true:
Proposition 1.2. The mapping τ defined by (1.12) is an isomorphism of complexes
(AAdP , d)→ (Ag, d− ad γ).
Now we establish a relation between the 1-cohomology sets of RG and RIntP (in
the case when P is trivial as a smooth bundle). Define rγ : A
1
IntP → A
1
g by
(1.13) rγ((αi)) = τ1(αi) + γ = Ad ci(αi) + γ = ρ(ci)(αi).
Clearly, this is a well defined bijective affine mapping.
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Proposition 1.3. In the notation given by (1.11), (1.12), (1.13), the following
relations hold:
δ1 ◦ rγ = τ2 ◦ δ1,
rγ ◦ ρ(g) = ρ(t(g)) ◦ rγ , g ∈ FIntP .
Thus, rγ maps Z
1(RIntP ) onto Z
1(RG) and induces a bijection r
∗
γ : H
1
DR(M, IntP )
→ H1DR(M,G) taking ε to [γ].
The proof is straightforward. The statement is also implied by Proposition 1.5
of [O4].
The construction of the de Rham complex gives a covariant functor G 7→ RG
from the category of Lie groups into that of cochain complexes (see [O4]). In fact,
to any smooth homomorphism of Lie groups f : G→ Q there corresponds the triple
{f0, f1, f2} of homomorphisms fp : R
p
G → R
p
Q, where f0(g) = f ◦ g, g ∈ R
0
G = FG,
and fp(α) = df ◦ α, α ∈ R
p
G = A
p
g, p = 1, 2, satisfying
δp ◦ fp = fp+1 ◦ δp, p = 0, 1,
f1 ◦ ρ(g) = ρ(f0(g))f1.
Clearly, f determines a homomorphism of groups f∗0 : H
0
DR(M,G) → H
0
DR(M,Q)
and a homomorphism of sets with distinguished points f∗1 : H
1
DR(M,G) →
H1DR(M,Q).
1.2. Here we consider a theory, analogous to that exposed in n◦1.1, in which
flat bundles and locally constant sections or functions are replaced by holomorphic
ones. The abelian model is the classical Dolbeault complex of a complex analytic
manifold. We follow [O3], Section 6.
Let G be a complex Lie group. For any complex manifold M , denote by OG the
sheaf of germs of G-valued holomorphic functions on M . In particular, O = OC
is the structure sheaf of M . Clearly, H0(M,OG) is the group of all G-valued
holomorphic functions on M , while H1(M,OG) can be interpreted as the set of
all principal holomorphic bundles with the base M and the structure group G,
considered up to holomorphic isomorphisms leaving any point ofM fixed. The unit
cohomology class ε corresponds to the trivial bundle M × G. As in Section 1.1,
we will denote by FG the sheaf of smooth G-valued functions on M and by Φg
the sheaf of g-valued smooth forms on M . This is a sheaf of bigraded complex Lie
superalgebras, the bigrading being defined by Φg =
⊕
p,q≥0Φ
p,q
g , where Φ
p,q
g is the
sheaf of forms of type (p, q). Let Πp,q : Φ
p+q → Φp,q be the natural projection. As
usually, denote
∂α = Πp+1,qdα, ∂¯α = Πp,q+1dα, α ∈ Φp,q,
Then
d = ∂ + ∂¯, ∂2 = ∂¯2 = [∂, ∂¯] = 0.
Denote Ap,qg = Γ(M,Φ
p,q
g ). Then Ag =
⊕
p,q≥0A
p,q
g is a bigraded complex Lie
superalgebra, and ∂ and ∂¯ are derivations of bidegree (1, 0) and (0, 1), respectively.
We get the bigraded Dolbeault complexes (Ag, ∂¯) and (Ag, ∂). Denote by
Ωpg = {α ∈ Φ
p,0
g | ∂¯α = 0},
Ω
p
g = {α ∈ Φ
0,p
g | ∂α = 0}
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the subsheaves of holomorphic and antiholomorphic p-forms, respectively. We have
the classical Dolbeault isomorphisms
Hp,q(M, g)
def
= Hq(Ap,∗g , ∂¯) ≃ H
q(M,Ωpg),(1.14)
H
p,q
(M, g)
def
= Hp(A∗,qg , ∂) ≃ H
p(M,Ω
q
g).(1.15)
Now we define the non-linear Dolbeault complex with values in G. Consider the
triple of groups RG = {R
0
G, R
1
G, R
2
G} = {FG, A
0,1
g , A
0,2
g } and define the coboundary
operators δ¯0 : R
0
G → R
1
G, δ¯1 : R
1
G → R
2
G and the action ρ¯ of R
0
G on R
1
G by
δ¯0(g) = Π0,1g
∗(̟),
δ¯1(α) = ∂¯α−
1
2
[α, α],
ρ¯(g)(α) = Ad g(α) + δ¯0(g).
Then we get a non-abelian cochain complex in the sense of [O3, O4], called the
Dolbeault complex with values in G. If G is a Lie subgroup of GLm(C), then
δ¯0(g) = (∂¯g)g
−1,
δ¯1(α) = ∂¯α− α ∧ α,
ρ¯(g)(α) = gαg−1 + (∂¯g)g−1.
The cocycles of this complex are defined by
Zp(RG) = Ker δ¯p = δ¯
−1
p (0), p = 0, 1.
Then Z0(RG) is a subgroup of FG. Now, the subset Z
1(RG) is invariant under ρ¯.
We define the Dolbeault cohomology of M with values in G (or the cohomology of
RG) by
H0(RG) = Z
0(RG),
H0,1(M,G) = H1(RG) = Z
1(RG)/ρ¯(FG).
Note that on the sheaf level we get the following exact sequence of sheaves:
e→ OG
i
→ FG
δ¯0→ Φ0,1g
δ¯1→ Φ0,2g ,
where i is the natural injection. It implies the following relation between the Dol-
beault and the Cˇech 1-cohomology (see [O3], Section 6).
Proposition 1.4. We have the following exact sequence of sets with distinguished
points:
e→ H0,1(M,G)
µ¯
→ H1(M,OG)
i∗1→ H1(M,FG).
Here i∗1 is determined by i, while µ¯ is defined as follows. For any cocycle ω ∈
Z1(RG), choose an open cover U = (Ui) of M such that ω = δ¯0(ci) in any Ui for
certain smooth ci : Ui → G. Then zij = c
−1
i cj determine a cocycle z = (zij) ∈
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Z1(U,OG), and µ¯ takes the Dolbeault cohomology class [ω] of ω to the cohomology
class of z.
This means that µ¯ maps bijectively the set H0,1(M,G) onto the subset of those
holomorphic bundles from H1(M,OG) which are trivial as smooth bundles.
As in Section 1.1, there exist twisted versions of the Dolbeault complex. Denote
by AuthG the group of holomorphic automorphisms of G and choose a cocycle
z ∈ Z1(U,FAuth G). Clearly, OAuth G acts on OG and FG. We get the holomorphic
group bundle E obtained by twistingM×G with the help of z and the sheaves OE =
(OG)
z and FE = (FG)
z of holomorphic and smooth sections of E, respectively. The
cocycle dz gives rise to the twisted sheaves (Φp,qg )
dz, p, q ≥ 0; these are the sheaves
Φp,qe of (p, q)-forms with values in the holomorphic Lie algebra bundle e which is got
from M × g by twisting with the help of dz. Clearly, the operator ∂¯ is well-defined
in Φe =
⊕
p,q≥0Φ
p,q
e , and one can define the subsheaf of holomorphic p-forms
Ωpe ⊂ Φ
p,0
e . Now, one can consider the bigraded Dolbeault complex (Ag, ∂¯), where
Ag = Γ(M,Φe). Then there are the Dolbeault isomorphisms similar to (1.14):
(1.16) Hp,q(M, e)
def
= Hq(Ap,∗e , ∂¯) ≃ H
q(M,Ωpe).
The twisted version of the Dolbeault complex RG is RE = {R
0
E , R
1
E , R
2
E}, where
R
0
E = FE , R
p
E = A
0,p
e , p = 1, 2. The coboundary operators and the actions of
FE are correctly defined by formulas similar to (1.9). The 0-cohomology of this
cochain complex is the group Γ(M,OE) of all holomorphic sections of E; the 1-
cohomology will be denoted H0,1(M,E). Let us consider the case when z = Int z,
where z = (zij) ∈ Z
1(U,OG). Denote by P the principal holomorphic bundle over
M corresponding to z. Then E = IntP is the group bundle associated to P by the
action Int of G on itself by inner automorphisms, and e = AdP is the Lie algebra
bundle associated to P by the adjoint representation Ad of G on g.
Now we consider the special case when P is trivial as a smooth bundle. We may
suppose that zij = c
−1
i cj , where ci ∈ Γ(Ui,FG). Then γ = δ¯0(ci) is a well-defined
global form from Z1(R¯G), and its cohomology class [γ] satisfies µ¯([γ]) = ζ, where
ζ is the cohomology class of z. Precisely as in Section 1.1, we get an isomorphism
of groups t : FIntP → FG given by (1.11) and an isomorphism of bigraded Lie
superalgebras τ : AAdP → Ag given by (1.12). Define a mapping r¯γ : A
0,1
IntP → A
0,1
g
by
(1.17) r¯γ((αi)) = τ1(αi) + γ = Ad ci(αi) + γ = ρ¯(ci)(αi).
The following statements are easily verified.
Proposition 1.5. The mapping τ is an isomorphism of complexes (AAdP , ∂¯) →
(Ag, ∂¯ − ad γ).
Proposition 1.6. The following relations hold:
δ¯1 ◦ r¯γ = τ2 ◦ δ¯1,
r¯γ ◦ ρ¯(g) = ρ¯(t(g)) ◦ r¯γ , g ∈ R
0
IntP .
Thus, r¯γ maps Z
1(RIntP ) onto Z
1(RG) and induces a bijection r¯
∗
γ : H
0,1(M, IntP )
→ H0,1(M,G) taking ε to [γ].
In what follows, we will consider the case when E is flat, i.e., is obtained by
twisting M × G with the help of a cocycle z ∈ Z1(U,AuthG). Then the operator
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∂ is also well-defined in Φe, and one can define the subsheaf of antiholomorphic
q-forms Ω
q
e ⊂ Φ
0,q
e . We also get the bigraded complex (Ag, ∂) and the Dolbeault
isomorphisms similar to (1.15):
(1.18) H
p,q
(M, e)
def
= Hp(A∗,qe , ∂) ≃ H
p(M,Ω
q
e).
As in the case of the de Rham complex, the correspondence G 7→ RG is a
covariant functor from the category of complex Lie groups into that of cochain
complexes. In particular, any holomorphic homomorphism of complex Lie groups
f : G → Q determines a homomorphism of sets with distinguished points f∗1 :
H0,1(M,G)→ H0,1(M,Q).
1.3. There is an important relationship between the de Rham and the Dolbeault
complexes with values in the same complex Lie group G. It corresponds to the
natural inclusion ιG : G→ OG. One checks easily that the triple {id,Π0,1,Π0,2} is
a homomorphism of complexes RG → RG, i.e.,
δ¯1 ◦Π0,1 = Π0,2 ◦ δ1,
ρ¯(g) ◦Π0,1 = Π0,1 ◦ ρ(g), g ∈ FG.
Hence we get the following commutative diagram:
(1.19)
H1DR(M,G)
µ
−−−−→ H1(M,G)
i∗
−−−−→ H1(M,FG)
Π∗0,1
y yι∗G
∥∥∥
H0,1(M,G) −−−−→
µ¯
H1(M,OG) −−−−→
i∗
H1(M,FG),
where Π∗0,1 is induced by Π0,1.
More generally, suppose that we have a flat group bundle E corresponding to a
cocycle z ∈ Z1(U,AuthG). Regarding E as a holomorphic Lie group bundle, we
get the commutative diagram
(1.20)
H1DR(M,E)
µ
−−−−→ H1(M, CE)
i∗
−−−−→ H1(M, E)
Π∗0,1
y yι∗E
∥∥∥
H0,1(M,E) −−−−→
µ¯
H1(M,OE) −−−−→
i∗
H1(M, E),
where Π∗0,1 is induced by Π0,1 and ι
∗
E by the natural inclusion ιE : CE → OE .
We also note that for any γ ∈ Z1(RG) the following diagram is commutative:
(1.21)
A1IntP
rγ
−−−−→ A1g
Π0,1
y
yΠ0,1
A0,1IntP −−−−→
r¯χ
A0,1g ,
where IntP is the flat group bundle corresponding to γ and χ = Π0,1γ.
Now we consider the example of the abelian complex Lie group G = GL1(C) =
C× which will be useful in the sequel. Note that G contains the compact subgroup
U1 = {c ∈ C | |c| = 1}.
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Example 1.1. We want to study the homomorphism of groups Π∗0,1 : H
1
DR(M,C
×)
→ H0,1(M,C×). Consider the homomorphism Exp : C → C× given by Exp c =
exp(2πic). Clearly, Exp(R) = U1. The exact sequences
0 −→ Z −→ R
Exp
−→ U1 −→ 1,
0 −→ Z −→ C
Exp
−→ C× −→ 1
give rise to the following commutative diagram with exact lines:
0 −−−−→ H1(M,Z) −−−−→ H1(M,R)
Exp∗
−−−−→ H1(M,U1)
δ∗
−−−−→ H2(M,Z)∥∥∥ y y ∥∥∥
0 −−−−→ H1(M,Z) −−−−→ H1(M,C)
Exp∗
−−−−→ H1(M,C×)
δ∗
−−−−→ H2(M,Z)∥∥∥ ι∗C
y yι(C×)∗ ∥∥∥
0 −−−−→ H1(M,Z) −−−−→ H1(M,O)
Exp∗
−−−−→ H1(M,O×)
δ∗
−−−−→ H2(M,Z).
Here δ∗ are connecting homomorphisms of the cohomology exact sequences and
arrows without denotation are given by natural inclusions of groups. It is well
known that Ker δ∗ ⊂ H1(M,O×) is precisely the set of those holomorphic GL1(C)-
bundles that are trivial as smooth principal bundles. By Propositions 1.1 and
1.4, the subgroups Ker δ∗ may be identified with H1DR(M,U1), H
1
DR(M,C
×) and
H0,1(M,C×), respectively, while ι(C×)∗ identifies with Π
∗
0,1 (see (1.19)). Using
also the classical de Rham and Dolbeault isomorphisms, we obtain the following
commutative diagram with exact lines:
0 −−−−→ H1(M,Z) −−−−→ H1DR(M,R)
Exp∗
−−−−→ H1DR(M,U1) −−−−→ ε∥∥∥
y
y
0 −−−−→ H1(M,Z) −−−−→ H1DR(M,C)
Exp∗
−−−−→ H1DR(M,C
×) −−−−→ ε∥∥∥ Π∗0,1
y yΠ∗0,1
0 −−−−→ H1(M,Z) −−−−→ H1(M,O)
Exp∗
−−−−→ H0,1(M,C×) −−−−→ ε.
It follows that H1DR(M,C
×) and H0,1(M,C×) are connected complex abelian Lie
groups, while H1DR(M,U1) is a torus. The group PicM = H
0,1(M,C×) is, by
definition, the Picard manifold of M .
The following complement problem seems to be important: under which condi-
tions is the mapping Π∗0,1 : H
1
DR(M,G)→ H
0,1(M,G) surjective? This is the same
that for any α ∈ Z1(RG), to find a form β ∈ Z
1(RG) such that Π0,1β = α. In
n◦2.2, we will answer this question positively in the case when M is a compact
Ka¨hler manifold and G is the Borel subgroup of a classical complex linear group
(e.g., the complex triangular matrix group Tn(C)).
1.4. LetV be a flat complex vector bundle over a complex manifoldM . Then we
have the complexes of V-valued forms (AV, d), (A
∗,q
V
, ∂¯) and (Ap,∗
V
, ∂¯) (see n◦1.2,
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where we may formally set E = e = V). Suppose that M is a compact Hermitian
manifold and that the structure group of V is Un. Then we can define a flat
Hermitian metric on V. This gives rise to the Laplace operators ∆, ∆∂ and ∆∂¯ in
AV given by
∆ = dd∗ + d∗d, ∆∂ = ∂∂
∗ + ∂∗∂, ∆∂¯ = ∂¯∂¯
∗ + ∂¯∗∂¯,
where d∗, ∂∗, ∂¯∗ are formally conjugates of d, ∂, ∂¯, respectively. Let us denote
H
r = (Ker∆) ∩ Ar
V
,
H
p,q
∂ = (Ker∆∂) ∩A
p,q
V
,
H
p,q
∂¯
= (Ker∆∂¯) ∩A
p,q
V
the vector spaces of harmonic forms. Any harmonic form ω is, respectively, d-, ∂-
or ∂¯-closed. By Hodge theorem, the correspondence ω 7→ [ω] gives the following
isomorphisms:
H
r ≃ HrDR(M,V) ≃ H
r(M, CV),
H
p,q
∂ ≃ H
p,q
(M,V) ≃ H
q
(M,Ωp
V
),
H
p,q
∂¯
≃ Hp,q(M,V) ≃ Hq(M,Ωp
V
).
We shall use the following fact which is well known in the case of the trivial vector
bundle V over a compact Ka¨hler manifold (in the more general case of a harmonic
flat vector bundle a proof is outlined in [ABCKT], p. 104).
Proposition 1.7. Suppose that M is a compact Ka¨hler manifold. Then
∆ = 2∆∂ = 2∆∂¯ .
It follows that
H
r =
⊕
p+q=r
H
p,q
∂¯
, Hp,q
∂¯
= Hp,q∂ .
In what follows, we will omit the superscripts ∂ and ∂¯ in the notation of harmonic
forms.
Corollary 1. Under the above conditions, the vector spaces Hp,0 and H0,q coincide
with those of holomorphic V-valued p-forms and antiholomorphic V-valued q-forms,
respectively.
Corollary 2. Under the above conditions,
HrDR(M,V) ≃
⊕
p+q=r
Hp,q(M,V) ≃
⊕
p+q=r
H
p,q
(M,V),
Hr(M, CV) ≃
⊕
p+q=r
Hp(M,Ωq
V
) ≃
⊕
p+q=r
Hp(M,Ω
q
V
).
Arguing as in the proof of the lemma in [GH], Ch.1, Section 2 (see also [DGMS]),
and applying Proposition 1.7, we obtain the following ‘∂∂¯-lemma’:
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Corollary 3. Let V be a flat vector bundle with structure group Un over a compact
Ka¨hler manifold. Suppose that ω ∈ Ap,q
V
is d-closed and ∂- or ∂¯-exact, where
p, q ≥ 1. Then there exists ψ ∈ Ap−1,q−1
V
such that ω = ∂∂¯ψ.
Let G ⊂ GLn(C) be a linear complex Lie group and z = (zij) ∈ Z
1(U, G).
Consider the flat group bundle E corresponding to the cocycle Int z (see n◦1.1).
Clearly, z determines a flat vector bundle V with fibre Cn. Then E can be regarded
as a subbundle of the flat vector bundle EndV with fibre EndCn which is obtained
by twisting M × EndCn with the help of Int z. The group FE will coincide with a
subgroup of the group AutV of automorphisms of V.
Corollary 4. Suppose that zij ∈ Un and that M is a compact Ka¨hler manifold.
If a ∈ FE satisfies Π1,0δ0(a) = 0 or Π0,1δ0(a) = 0, then δ0(a) = 0, i.e., a is a flat
section.
Proof. Apply Corollary 1 to the vector bundle EndV.
We return now to the example G = C× (see Section 1.2). Using Hodge theory
(in the case of the trivial bundle M × C), we prove the following
Proposition 1.8. Let M be a compact Ka¨hler manifold. The mapping Π∗0,1 :
H1DR(M,U1)→ H
0,1(M,C×) is an isomorphism of real Lie groups.
Proof. Due to the latter diagram of Example 1.1, it suffices to prove that Π∗0,1 :
H1DR(M,R) → H
0,1(M,C) is an isomorphism of real vector spaces. But this is a
well-known consequence of Proposition 1.7. The inverse to Π∗0,1 is given by ω 7→
ω + ω¯, ω ∈ H0,1.
As a corollary, we get the following well-known fact: for any compact Ka¨hler
manifold M , the group PicM is a complex torus.
The above proof shows that any class from H1DR(M,U1), H
1
DR(M,C
×) or
H0,1(M,C×) contains a harmonic form. On the cochain level, the inverse to
Π∗0,1 : H
1
DR(M,U1)→ H
0,1(M,C×) can be given by ω 7→ ω − ω¯, ω ∈ H0,1.
1.5. Suppose that we have the semi-direct product G = B ⋊ A of complex
Lie groups. Here B may be regarded as a normal Lie subgroup and A as a Lie
subgroup of G. Denote by p : G → A the natural projection homomorphism and
by q : A→ G the natural inclusion. Then B = Ker p and p◦q = id. Clearly, we have
the semi-direct decomposition g = b+⊃ a, where b is an ideal and a a subalgebra of
g. It follows that Ag = Ab+⊃ Aa for an arbitrary manifold M . Any form ω ∈ A
p
g on
M is uniquely decomposed as ω = ωb + ωa, where ωb ∈ A
p
b and ωa = dp ◦ ω ∈ A
p
a.
The relations between the de Rham (and Dolbeault) cohomology with values in
G, A, B are described in [O4], Theorems 2.2 and 2.4. In particular, there is the
following commutative diagram with exact lines:
(1.22)
H1DR(M,B)
i∗1−−−−→ H1DR(M,G)
p∗1−−−−→ H1DR(M,A) −−−−→ ε
Π∗0,1
y Π∗0,1
y yΠ∗0,1
H0,1(M,B) −−−−→
i∗1
H0,1(M,G) −−−−→
p∗1
H0,1(M,A) −−−−→ ε.
Both mappings i∗1 are induced by the natural inclusion i : B → G. We also have
the injective mappings q∗1 : H
1
DR(M,A) → H
1
DR(M,G) and q
∗
1 : H
0,1(M,A) →
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H0,1(M,G) such that p∗1 ◦ q
∗
1 = id. We will identify H
1
DR(M,A) and H
0,1(M,A)
with their images in H1DR(M,G) and H
0,1(M,G), respectively.
Suppose now that we are given a form γ ∈ Z1(RA). Denote by ξ ∈ H
1
DR(M,A)
and ζ ∈ H0,1(M,A) the cohomology classes of γ and χ = Π0,1γ. Then Π
∗
0,1ξ =
ζ. We want to describe the subsets (p∗1)
−1(ξ) ⊂ H1DR(M,G) and (p
∗
1)
−1(ζ) ⊂
H0,1(M,G) using splitting constructions. As above, choose an open cover U = (Ui)
of M such that γ = δ0(ai) in Ui, where ai ∈ Γ(Ui,FA), and consider the 1-cocycle
z = (zij) ∈ Z
1(U, A) given by zij = a
−1
i aj . Denote by E the flat group bundle
with the G determined by the cocycle (Int zij). Since zij ∈ A, we have the semi-
direct decomposition E = EB ⋊EA, where EB and EA are group subbundles with
fibres B and A, respectively. We also consider the corresponding Lie algebra bundle
e = eb+⊃ ea. Then we have the following commutative diagram with exact lines:
(1.23)
H1DR(M,EB)
i∗1−−−−→ H1DR(M,E)
p∗1−−−−→ H1DR(M,EA) −−−−→ ε
Π∗0,1
y Π∗0,1
y
yΠ∗0,1
H0,1(M,EB) −−−−→
i∗1
H0,1(M,E) −−−−→
p∗1
H0,1(M,EA) −−−−→ ε.
Its right square is got from the right square of (1.22) by applying to the lines the bi-
jections r−1γ and r¯
−1
χ (see (1.21)). Thus, (p
∗
1)
−1(ξ) is identified with i∗1(H
1
DR(M,EB)),
while (p∗1)
−1(ζ) is identified with i∗1(H
0,1(M,EB)).
2. Cohomology with values in certain solvable algebraic groups
2.1. Let G be a connected solvable complex linear algebraic group. It is well
known (see, e.g., [Hu], Ch. VII) that G admits the semi-direct decomposition
G = N ⋊ S, where N is a normal unipotent algebraic subgroup (the unipotent
radical) of G and S ≃ (C×)n an algebraic torus. Respectively, for the tangent Lie
algebra g of G we have the semi-direct decomposition g = n+⊃ s, where n and s are
the ideal and the subalgebra of g corresponding to N and S, respectively. Denote
by p : G→ S the natural projection and by q : S → G the natural inclusion.
Let K be the compact real form of S. Clearly, K ≃ Un1 . We will also consider
the real algebraic subgroup GK = N ⋊K of G.
The most important example is the subgroup G = Tn(C) of GLn(C) consisting
of upper triangular matrices. In this case N = T 0n(C) is the normal subgroup of
unipotent upper triangular matrices and S = Dn(C) the subgroup of diagonal ma-
trices which is naturally identified with (C×)n. The Lie algebra g = tn(C) is the
subalgebra of upper triangular matrices in gln(C). Also n is the ideal of nilpotent
upper triangular matrices and s is the subalgebra of diagonal matrices which is nat-
urally identified with Cn. Further, K is the subgroup of unitary diagonal matrices,
identified with Un1 , and its Lie subalgebra k ⊂ s is the subalgebra of pure imagi-
nary diagonal matrices. The de Rham complex Au is identified with the complex
of s-valued forms γ satisfying γ = −γ. The subgroup GK = Tn(C)K of Tn(C) is
formed by matrices with unitary diagonal.
Let G be an arbitrary connected solvable complex linear algebraic group and
suppose that V is an algebraic G-module, i.e., that a polynomial representation
φ : G → GL(V ) is given. Let U be an open cover of a complex manifold M and
z ∈ Z1(U, GK). Consider the corresponding flat vector bundle V(z) of rank n over
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M with structure group GK . Then there is the de Rham complex (AV(z), d), as
well as the Dolbeault complexes (Ap,∗
V(z), ∂¯) and (A
∗,q
V(z), ∂).
The projection p : GK → K gives rise to the mapping p
∗
1 : H
1(M,GK) →
H1(M,K). It can be easily described on the cocycle level. Namely, for the above
cocycle z = (zij) we have zij = uijnij , where uij ∈ K, nij ∈ N . Since uij = p(zij),
we see that u ∈ Z1(U, K) and p∗1 sends the cohomology class of z to that of u.
Suppose now that zij = g
−1
i gj in Ui ∩ Uj 6= ∅, where gi : Ui → GK are smooth
functions. Then V(z) is trivial as a smooth vector bundle with structure group
GK . We have gi = uini with ui : Ui → K, ni : Ui → N , whence
(2.1)
uij = p(gi)
−1p(gj) = u
−1
i uj ,
zij = n
−1
i uijnj,
In particular, we see that the 0-cochain (ni) determines an isomorphism of the
flat vector bundles V(z) and V(u) in the category of smooth vector bundles with
structure group GK . In the next lemma, this cochain should satisfy the condi-
tion Π0,1δ0(ni) = 0 for all i which means that the corresponding isomorphism is
antiholomorphic.
Lemma 2.1. Let z ∈ Z1(U, GK) be a Cˇech cocycle on a complex manifold M
satisfying the triviality condition described above. Suppose that M is a compact
Ka¨hler manifold and that Π0,1δ0(ni) = 0 for any i. Then
(i) Any class from H0,q(M,V(z)), q ≥ 0, contains a d-closed V(z)-valued (0, q)-
form;
(ii) Any holomorphic V(z)-valued form α is d-closed. If, in addition, α is ∂-
exact, then α = 0;
(iii) If α ∈ Ap,0
V(z) satisfies ∂α = 0 and ∂¯α = ∂β for a certain β ∈ A
p−1,1
V(z) , then
there exists γ ∈ Ap−1,0
V(z) such that α+ ∂γ is holomorphic.
Proof. We will use the induction on n = dimV . Assume that n = 1. Clearly,
φ(GK) ⊂ U1, and hence V(z) is the flat line bundle determined by the cocycle
(φ(zij)), where φ(zij) ∈ U1. Therefore we can apply Hodge theory discussed in
Section 1.4. Clearly, (i) is implied by the fact that any Dolbeault cohomology class
contains a harmonic form (see Proposition 1.7), and (ii) follows from Corollary 1 of
Proposition 1.7. To prove (iii), we note that d∂β = d∂¯α = 0. Applying Corollary
3 of the same proposition, we see that ∂β = ∂¯∂γ, whence ∂¯(α− ∂γ) = 0.
To argue by induction, we need the following construction. By Lie theorem,
there exists a basis e1, . . . , en of V such that φ is expressed by the matrix
φ(g) =
(
φ0(g) ∗
0 φ˜(g)
)
, g ∈ G,
where φ˜ : G → Tn−1(C) is a representation satisfying φ˜(g) ∈ Dn−1(C) for g ∈ S,
and hence φ˜(g) ∈ Un−11 , for g ∈ K. The exact sequence of G-modules
0 −→ V 0 −→ V −→ V˜ −→ 0,
where V 0 = 〈e1〉, V˜ = 〈e2, . . . , en〉, gives rise to the following two exact sequences
of flat vector bundles:
0 −→ V0(z)
λ
−→ V(z)
κ
−→ V˜(z) −→ 0,(2.2)
0 −→ V0(z)
λ
−→ V(u)
κ
−→ V˜(u) −→ 0.(2.3)
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Since the matrices φ(uij) are diagonal, the sequence (2.3) is split.
From (2.2) we obtain, for any q ≥ 0, the following exact sequence of sheaves of
antiholomorphic q-forms:
(2.4) 0 −→ Ω
q
V0(z)
λ
−→ Ω
q
V(z)
κ
−→ Ω
q
V˜(z) −→ 0.
The mappings ni (see (2.1)) determine an antiholomorphic isomorphism of (2.2)
onto the split exact sequence (2.3). It follows that the exact sequence of sheaves
(2.4) is split. Hence, for any p ≥ 0, we get the following split exact sequence of
cohomology groups:
(2.5) 0 −→ Hp(M,Ω
q
V0(z))
λ∗
−→ Hp(M,Ω
q
V(z))
κ
∗
−→ Hp(M,Ω
q
V˜(z)) −→ 0.
Using the isomorphism (1.18), we can interprete (2.5) as the following split exact
sequence:
(2.6) 0 −→ H
p,q
(M,V0(z))
λ∗
−→ H
p,q
(M,V(z))
κ
∗
−→ H
p,q
(M, V˜(z)) −→ 0.
Let us also note that (2.2) gives rise to the following split exact sequences:
(2.7) 0 −→ Ap,q
V0(z)
λ
−→ Ap,q
V(z)
κ
−→ Ap,q
V˜(z)
−→ 0.
Now we pass to the induction argument. Suppose that (i), (ii) and (iii) are true
for vector bundles of rank n− 1.
(i) We will assume that q ≥ 1, since (i) coincides with (ii) in the case q = 0. Let
α be an V(z)-valued (0, q)-form such that ∂¯α = 0, where dimV = n. Consider the
exact sequence (2.7) for p = 0. By induction hypothesis, κ(α) = β + ∂¯ϕ, where
dβ = 0 and ϕ ∈ A0,q−1
V˜(z)
. Then ϕ = κ(ψ) for a certain ψ ∈ A0,q−1
V(z) . Therefore
β = κ(α − ∂¯ψ). Hence κ(∂(α − ∂¯ψ)) = 0, and ∂(α − ∂¯ψ) = λ(α′), where α′ is a
d-closed V0(z)-valued (1, q)-form. Using (2.6), we conclude that α′ is
∂-exact. Applying Corollary 3 of Proposition 1.7, we see that α′ = ∂∂¯ω for a
certain ω ∈ A0,q−1
V0(z). It follows that ∂(α− ∂¯(ψ+ λ(ω))) = 0. Thus, α− ∂¯(ψ+ λ(ω))
is the desired d-closed form.
(ii) Let α be a holomorphic V(z)-valued p-form, where dimV = n. By induction
hypothesis, dκ(α) = 0, whence κ(dα) = κ(∂α) = 0. It follows that ∂α = λ(β),
where β is a V0(z)-valued holomorphic (p+ 1)-form. From (2.6) we conclude that
β is ∂-exact. Using Corollary 1 of Proposition 1.7 applied to V0(z)-valued forms,
we see that β is harmonic, and hence β = 0. Therefore ∂α = dα = 0.
Suppose that α = ∂γ. Then κ(α) = ∂κ(γ) = 0 by induction hypothesis. There-
fore α = λ(β), where β is a V0(z)-valued holomorphic p-form. Then (2.6) implies
that β is ∂-exact in AV0(z), and hence β = 0.
(iii) Suppose that ∂α = 0 and ∂¯α = ∂β. Clearly, κ(α) satisfies similar conditions.
By induction hypothesis, ∂¯(κ(α)+∂γ1) = 0 for a certain γ1 ∈ A
p−1,0
V˜(z)
. By (2.7), we
may choose γ2 ∈ A
p−1,0
V(z) such that κ(γ2) = γ1. Then κ(∂¯(α + ∂γ2)) = 0, whence
∂¯(α + ∂γ2) = λ(ϕ) for a V
0(z)-valued (p, 1)-form ϕ. Clearly, dϕ = 0, and (2.6)
implies that ϕ is ∂-exact. By Corollary 3 of Proposition 1.7, ϕ = ∂¯∂γ3. Then
∂¯(α+ ∂(γ2 − γ3)) = 0.
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Corollary. Let E be the flat group bundle with fibre G determined by the cocycle
Int z. If a ∈ FE is holomorphic, then a is flat.
Proof. The argument is similar to the proof of Corollary 4 of Proposition 1.7.
Namely, we fix a faithful holomorphic representation φ of G and consider the corre-
sponding flat vector bundle V(z). Then E is a subbundle of the flat vector bundle
EndV(z) determined by the cocycle Intφ(z). Then we apply the statement (ii) to
the latter flat vector bundle.
2.2. LetM be a compact Ka¨hler manifold. Then any class from H0,1(M,C) con-
tains a d-closed (i.e., antiholomorphic) (0, 1)-form. In this subsection, we consider
a non-abelian analogue of this fact involving a class of solvable algebraic groups.
This study is closely related to the complement problem mentioned in n◦1.3.
We retain the notation of n◦2.1. Let G = N⋊S be a connected solvable complex
linear algebraic group. Then we have the following commutative diagram (see
(1.22)):
(2.8)
H1DR(M,G)
p∗1−−−−→ H1DR(M,S)
Π∗0,1
y
yΠ∗0,1
H0,1(M,G) −−−−→
p∗1
H0,1(M,S).
As we saw in n◦1.5, both p∗1 are surjective, and H
1
DR(M,S) and H
0,1(M,S) are
naturally embedded in H1DR(M,G) and H
0,1(M,G), respectively. Since K is a
direct factor of S, we also have an embedding H1DR(M,K) ⊂ H
1
DR(M,S).
Due to Proposition 1.8, Π∗0,1 induces an isomorphism of groups H
1
DR(M,U) →
H0,1(M,S) (which gives the solution of the complement problem in the caseG = S).
It can be expressed by the isomorphism of the spaces of k-valued and s-valued
harmonic forms H1k → H
0,1
s given by −χ¯+χ 7→ χ. Let us fix a class ζ ∈ H
0,1(M,S)
and a harmonic form χ ∈ A0,1s representing this class, and denote γ = −χ¯ + χ.
Choose an open cover U = (Ui) of M such that γ = δ0(ui) in any Ui for certain
smooth functions ui : Ui → K, and construct the Cˇech cocycle z = (zij), where
zij = u
−1
i uj in any Ui ∩ Uj 6= ∅. We fix the functions ui, and hence the cocycle z,
as well.
We will use the twisted complex RE corresponding to ζ. Here we denote by E
the flat group bundle obtained from M ×G by twisting with the help of Int z, and
by e the corresponding Lie algebra bundle (see n◦1.1). Since z takes its values in
K, we also get the normal group subbundle EN ⊂ E with fibre N corresponding to
the cocycle Int z|N such that E is the semi-direct product of N and of the trivial
bundle M × S. Respectively, we get the semi-direct decomposition Ae = Aen+⊃ As.
We also need the mapping rγ : A
1
e → A
1
g introduced in n
◦1.1. By Proposition
1.3, it induces the bijection r∗γ : H
1
DR(M,E)→ H
1
DR(M,G) such that r
∗
γ(ε) = ξ is
the cohomology class of γ. Similarly (see Proposition 1.6), we have the mapping
r¯χ : A
0,1
e → A
0,1
g inducing the bijection r¯
∗
χ : H
0,1(M,E) → H0,1(M,G) such that
r¯∗χ(ε) = ζ.
Note that we have the following commutative diagram with exact lines (see
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(1.23)):
(2.9)
H1DR(M,EN)
i∗1−−−−→ H1DR(M,E)
p∗1−−−−→ H1DR(M,S) −−−−→ ε
Π∗0,1
y Π∗0,1
y yΠ∗0,1
H0,1(M,EN) −−−−→
i∗1
H0,1(M,E) −−−−→
p∗1
H0,1(M,S) −−−−→ ε.
Here both p∗1 are surjective, and H
1
DR(M,S) and H
0,1(M,S) are naturally embed-
ded in H1DR(M,E) and H
0,1(M,E), respectively. As we saw in n◦1.5, its right
square is got from (1.22) by applying to the lines the bijections r−1γ and r¯
−1
χ .
We will say that G has the Hodge property if for any compact Ka¨hler manifold
M and for any group bundle E over M of the class described above, the following
is satisfied: for each class σ ∈ H0,1(M,E) such that p∗1(σ) = ε there exists a form
η ∈ σ with the properties
(2.10) η ∈ A0,1en , δ1(η) = 0.
Suppose that η satisfies (2.10) and denote β = rγ(η) ∈ Z
1(RG). Then β =
Adui(ηi) + γ, whence
(2.11) βs = γ, Π0,1β = βn + χ.
Taking into account the remarks made above, we can reformulate our definition in
terms of the complexes RG and RG. Namely, G has the Hodge property if for any
compact Ka¨hler manifold M and for any k-valued harmonic 1-form γ, the following
is valid: for each class σ˜ ∈ H0,1(M,G) such that p∗1(σ˜) = [Π0,1γ], there exists a
form β ∈ Z1(RG) satisfying (2.11).
In particular, we see that the Hodge property implies the positive solution of the
complement problem for the group G over a compact Ka¨hler manifold.
Example 2.1. Suppose that the unipotent radical N of G is abelian. Then E is
a flat vector bundle with unitary structure group. Hence, Proposition 1.7 implies
that G has the Hodge property.
Take a form η ∈ R1E satisfying (2.10). Then the form β = rγ(η) can be used,
instead of γ, for twisting the complex RG. To do this, we write β = δ0(bi) for a
certain smooth function bi : Ui → G in any Ui. These functions can be chosen
in such a way that bi = uini for certain smooth functions ni : Ui → N . In fact,
ηi = ρ(ui)
−1(βi) = ρ(ui)
−1(δ0(bi)) = δ0(u
−1
i bi). On the other hand, ηi = δ0(ni) for
certain smooth functions ni : Ui → N . Therefore ni = u
−1
i bigi, where gi : Ui → G
satisfy δ0(g) = 0. Then bigi = uini and δ0(bigi) = 0. Replacing bi by bigi, we
get the desired result. Then we construct the Cˇech cocycle w = (wij) ∈ Z
1(U, G),
where
wij = b
−1
i bj = n
−1
i zijni.
Consider the flat group bundle E′ and the flat Lie algebra bundle e′ with fibres
G and g determined by the cocycles (Intwij) and (Adwij), respectively. Clearly,
β = δ0(uini) = γ +Adui(δ0(ni)), whence
ηi = Adu
−1
i (β − γ) = δ0(ni),
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and Π1,0δ0(ni) = 0. Therefore e
′ satisfies the conditions of Lemma 2.1.
We will also use the corresponding mapping rβ : A
1
e′ → A
1
g. Let us find an
explicit expression for the mapping r−1β ◦ rγ : ψ 7→ ψ
′ of the space A1e onto A
1
e′ .
Clearly, ρ(ui)(ψi) = rγ(ψ) = rβ(ψ
′) = ρ(uini)(ψ
′
i), whence
(2.12)
ψi = ρ(ni)ψ
′
i,
ψ′i = Adn
−1
i (ψi − ηi).
Now we are going to prove the Hodge property for certain solvable algebraic
groups. The main role will play the following result.
Lemma 2.2. Suppose that G = B ⋊ A, where B is an abelian unipotent normal
algebraic subgroup and A an algebraic subgroup having the Hodge property. Then
G has the Hodge property.
Proof. We have the semi-direct decomposition A = N0⋊S, where N0 is the unipo-
tent radical of A and S is an algebraic torus. Then G = N⋊S, where N = B⋊N0.
Clearly, N is a unipotent algebraic subgroup, and hence the unipotent radical of
G.
Now let M be a compact Ka¨hler manifold. Fix a class ζ ∈ H0,1(M,S) and a
harmonic form χ ∈ A0,1s representing this class, denote γ = −χ¯ + χ and construct
the cocycle z and the flat group bundle E over M as described above. Choose
a class σ ∈ H0,1(M,E) such that p∗1(σ) = ε. Then σ = [α] for a certain α ∈
Z1(REN ). Since A and B are invariant under Int zij , we have EN = EB ⋊ EN0 ,
where EB and EN0 are the subbundles corresponding to the subgroups B and N0
of N . Respectively, A0,1en = A
0,1
eb +⊃ A
0,1
en0
, where eb and en0 are the corresponding
subbundles of the Lie algebra bundle en. Hence α = αb + αen0 , where αb ∈ A
0,1
eb ,
while αen0 ∈ Z
1(REN0 ). Since A has the Hodge property, αen0 is cohomologous in
REA to a form ηa ∈ Z
1(REN0 ). Replacing α by a cohomologous cocycle, we may
assume that αen0 = ηa.
Consider now the form βa = rγ(ηa) ∈ Z
1(RA). Clearly, ηa ∈ R
1
E satisfies (2.10).
Hence we may apply the construction of the flat group bundle E′ with fibre G
given above using the form βa as β. In particular, we can write βa = δ0(ai) in
any Ui, where ai = uini for certain smooth functions ni : Ui → N0 satisfying
Π1,0δ0(ni) = 0. Then E
′ is determined by the cocycle w ∈ Z1(U, N0 ⋊K) given by
wij = a
−1
i aj . Since wij ∈ A, we have E
′ = E′B ⋊ E
′
A, where E
′
B and E
′
A are the
subbundles corresponding to the subgroups B and A of G. Using (2.12), we get
α′ = Adn−1i (αi − ηi) = Adn
−1
i ((αb)i),
whence
r¯−1Π0,1βa(r¯χ(α)) = Π0,1α
′ = α′ = Adn−1i (αb)i).
Thus, α′ ∈ Z1(RE′
B
). Since B is abelian, E′B is a flat vector bundle determined
by the cocycle Intwij |B and hence satisfying the conditions of Lemma 2.1. By the
assertion (i) of this lemma, α′ is cohomologous in RE′
B
to a (0, 1)-form α′1 such that
dα′1 = δ(α
′
1) = 0. By (2.12), the corresponding form α1 ∈ Z
1(RE) is expressed by
(α1)i = ρ(ni)((α
′
1)i) = Adni((α
′
1)i) + δ0(ni).
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Since Π1,0δ0(ni) = 0, this form satisfies (2.10). Clearly, α1 ∈ σ, and Lemma 2.2 is
proved.
We also will use the following remark.
Remark 2.1. The definition of the Hodge property immediately implies that certain
simple modifications of a solvable group G preserve the Hodge property.
1) Suppose that G = N ⋊ S has the Hodge property. Then G˜ = N ⋊ S˜ has the
Hodge property, too, for any subtorus S˜ ⊂ S.
2) Let Z ⊂ S be a central algebraic subgroup of G = N ⋊ S. Then G has the
Hodge property if and only if so is G/Z.
Theorem 2.1. The following connected solvable complex linear algebraic groups G
have the Hodge property:
(i) G = Tn(C),
(ii) G is the Borel subgroup of a simple complex algebraic group Gˆ of type
An, Bn, Cn, Dn, E6 or E7.
Proof. (i) We use the induction on n. If n = 1, then our assertion is true by
Proposition 1.8. Assume that it is proved for the group Tn−1(C). Consider the
semi-direct decomposition G = B ⋊ A, where A ≃ Tn−1(C) × C
× and B ≃ Cn−1
are the subgroups consisting of matrices of the following form:
A :
(
X 0
0 c
)
, X ∈ Tn−1(C),
B :
(
In−1 x
0 1
)
, x ∈ Cn−1.
The induction hypothesis easily implies (see Remark 2.1) that A has the Hodge
property. Hence we may apply Lemma 2.2.
(ii) Let Gˆ be a simple group of classical type or type E6, E7. If the type is
classical, then we may assume, due to Remark 2.1, that Gˆ is a classical simple
group. For the information about parabolic subgroups used below see, e.g., [He].
For Gˆ = SLn+1(C), the assertion follows from (i) and Remark 2.1.
Suppose that Gˆ = SOn(C). There exists a parabolic subgroup P ⊂ SOn(C)
such that P = U ⋊ (SOn−2(C) × C
×), where U is an abelian unipotent normal
subgroup of P . It follows that the Borel subgroups Gn of the groups SOn(C)
satisfy Gn = U ⋊ (Gn−2 × C
×). Therefore we may argue by induction on n using
Lemma 2.2 and taking into account that SO3(C) and SO6(C) are of types A1 and
A3, respectively.
Suppose that Gˆ = Sp2n(C). There exists a parabolic subgroup P ⊂ Sp2n(C)
such that P = U ⋊ GLn(C), where U is an abelian unipotent normal subgroup of
P . It follows that the Borel subgroup G of Sp2n(C) satisfies G = U ⋊ Tn(C). Then
we apply (i) and Lemma 2.2.
Suppose that Gˆ = E6. There exists a parabolic subgroup P ⊂ E6 such that
P = U ⋊ (D5 × C
×), where U is an abelian unipotent normal subgroup of P . It
follows that the Borel subgroup G of E6 satisfies G = U ⋊ (G1 × C
×), where G1
is the Borel subgroup of D5 which has the Hodge property, as was proved above.
Then we apply Lemma 2.2, taking into account Remark 2.1.
Suppose that Gˆ = E7. There exists a parabolic subgroup P ⊂ E7 such that
P = U ⋊ (E6 × C
×), where U is an abelian unipotent normal subgroup of P . It
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follows that the Borel subgroup G of E7 satisfies G = U ⋊ (G1 × C
×), where G1
is the Borel subgroup of E6 which has the Hodge property, as was proved above.
Then we apply Lemma 2.2, taking into account Remark 2.1.
Remark 2.2. The remaining simple groups F4 and E8 do not contain any parabolic
subgroup with abelian unipotent radical. We do not know, whether the Borel
subgroups of these groups have the Hodge property.
2.3. Here we assume thatM is a compact Ka¨hler manifold and G is a connected
solvable complex linear algebraic group having the Hodge property. We will study
the cohomology set H1DR(M,G).
We retain the notation introduced in the beginning of n◦2.2. We also fix a class
ζ ∈ H0,1(M,S) and a harmonic form χ ∈ A0,1s representing this class, and the Cˇech
cocycle z = (zij) with values in K corresponding to the form γ = −χ¯+χ. To study
H1DR(M,G), it is appropriate to replace RG by the twisted complex RE , where E is
the flat group bundle obtained from M ×G by twisting with the help of Int z. The
correspondence between the 1-cohomology of RG and RE is given by the mapping
rγ : A
1
e → A
1
g introduced in n
◦1.1.
By definition of the Hodge property, any cohomology class σ ∈ H0,1(M,E) such
that p∗1σ = ε contains a form η satisfying (2.10).
Proposition 2.1. The form η is determined uniquely in its cohomology class of
RE, up to a transformation Ad a, where a is a flat section of E.
The form η is harmonic, and hence dη = [η, η] = 0.
Proof. Let η1 ∈ Z
1(REN ) be another (0, 1)-form such that η1 = ρ(a)(η) = Ada(η)+
δ0(a), where a ∈ FE . Then, clearly, Π1,0δ0(a) = 0. By Corollary 4 of Proposition
1.7, δ0(a) = 0.
The condition δ1(η) = 0 implies ∂η = 0. Thus, η is antiholomorphic, and hence
harmonic due to Corollary 1 of Proposition 1.7. It follows that dη = [η, η] = 0.
Now we fix a cohomology class σ ∈ H0,1(M,E) such that p∗1σ = ε and a form η ∈
σ satisfying (2.10). We are going to study the subset (Π∗0,1)
−1(σ) ⊂ H1DR(M,E).
It is non-empty, containing the cohomology class of η. A form ω ∈ Z1(RE) will be
called canonical if Π0,1ω ∈ Z
1(EN ). E.g., η is canonical.
The following important proposition is an easy consequence of the Hodge prop-
erty.
Proposition 2.2. Any 1-cohomology class τ ∈ H1DR(M,E) such that Π
∗
0,1(τ) = σ
contains a cocycle ω that satisfies Π0,1ω = η and hence is a canonical form.
Proof. By the Hodge property, for any α ∈ τ there exists a ∈ FE such that
η = ρ¯(a)(Π0,1α) = Π0,1ρ(a)(α) = Π0,1ω,
where ω = ρ(a)(α) ∈ τ .
Consider the form β = rγ(η). In order to get more information on canonical
forms, we will use the twisted complex RE′ described in
n◦2.2 and the correspondence r−1β ◦ rγ : ψ 7→ ψ
′ expressed by (2.12).
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Proposition 2.3. For any canonical form ω with Π0,1ω = η, denote α = Π1,0ω.
Then
(i) ω′i = Adn
−1
i (αi),
(ii) ω′ is harmonic and satisfies dω′ = [ω′, ω′] = 0.
(iii) dα = ∂¯α = [η, α], ∂α = 0.
Proof. The relation (i) follows easily from (2.12). Since ω′ is of type (1, 0), the
relation δ1(ω
′) implies ∂¯ω′ = 0. Thus, ω′ is holomorphic, and hence harmonic by
Corollary 1 of Proposition 1.7. This implies (ii). Now, (iii) follows from (ii) and
from the last assertion of Proposition 2.1.
Proposition 2.4. If ω and ω1 are two canonical forms from the same class τ , then
ω1 = Ad f(ω) for a certain f ∈ H
0(M, CE).
Proof. By Proposition 2.2, we may assume that Π0,1ω = Π0,1ω1 = η. Suppose
that ω1 = ρ(f)(ω), where f ∈ FE . Using (2.12), we see that ω
′
1 = ρ(f
′)(ω′),
where f ′ ∈ FE′ and fi = nif
′
in
−1
i . By Proposition 2.3, ω
′ and ω′1 are of type
(1, 0), and hence Π0,1δ0(f
′) = 0. Due to Corollary of Lemma 2.1, δ0(f
′) = 0.
Then Π1,0δ0(fi) = 0, whence δ0(fi) = 0 by Corollary 4 of Proposition 1.7. Thus,
ω1 = Ad f(ω), where f is a flat section of E.
2.4. We retain the notation introduced above. Here we describe the set of
canonical forms in terms of the complex (Ae, d).
Theorem 2.2. Any canonical form ω ∈ Z1(RE) can be written as ω = ψ + ∂h,
where h ∈ A0e , ψ ∈ A
1
e is a uniquely determined harmonic form, and [ψ, ψ] is
cohomologous to 0 in (Ae, d).
Conversely, let ψ ∈ Ae be a harmonic form such that Π0,1ψ ∈ Aen and [ψ, ψ]
is cohomologous to 0 in (Ae, d). Then δ1(Π1,0ψ) = δ1(Π0,1ψ) = 0 and there exists
a unique form ω ∈ Z1(RE) such that ω = ψ + ∂h, where h ∈ A
0
e . The form ω is
canonical.
Proof. Let ω be a canonical form. We may assume that ω = α+η, where α = Π0,1ω.
By Proposition 2.3 (iii), we have ∂α = 0. Due to Proposition 1.7, we can write
α = ϕ + ∂h, where h ∈ A0e and ϕ ∈ A
1,0
e is harmonic, i.e., holomorphic. Since η is
harmonic by Proposition 2.1, ψ = ϕ + η is harmonic, too, and ω = ψ + ∂h. The
form ϕ is determined uniquely, due to the Hodge decomposition. Clearly,
[ψ, ψ] = [ω − ∂h, ω − ∂h] = [ω, ω] + [∂h, ∂h− 2ω] = 2dω + ∂[h, ∂h− 2ω]
= ∂(−2∂¯h+ [h, ∂h− 2ω]).
Since d[ψ, ψ] = 0, Corollary 3 of Proposition 1.7 implies that [ψ, ψ] is cohomologous
to 0.
Conversely, suppose that we have a harmonic form ψ ∈ Ae such that Π0,1ψ ∈ Aen
and [ψ, ψ] = dλ, where λ ∈ A1e . Let us denote ϕ = Π1,0ψ, θ = Π0,1ψ. Evidently,
[ϕ, ϕ] = ∂Π1,0λ,(2.13)
[θ, θ] = ∂¯Π0,1λ,(2.14)
2[θ, ϕ] = ∂¯Π1,0λ+ ∂Π0,1λ.(2.15)
Since [ϕ, ϕ] is holomorphic, Proposition 1.7 and (2.13) imply that [ϕ, ϕ] = ∂Π1,0λ =
0. Similarly, (2.14) implies that [θ, θ] = ∂¯Π0,1λ = 0. In particular, δ1(ϕ) = δ1(θ) =
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0. It also follows that d∂¯Π1,0λ = d∂Π0,1λ = 0. Applying Corollary 3 of Proposition
1.7, we deduce from (2.15) that
(2.16) [θ, ϕ] = ∂∂¯g
for a certain g ∈ A0e .
We see, in particular, that θ has the properties of the form η from Proposition
2.1. We may denote θ = η and use the mapping r−1β ◦ rγ : ψ 7→ ψ
′ described by
(2.12).
Applying (2.12) to ϕ and using (1.3) and (2.16), we get
Adni(dϕ
′
i) = −[ηi, ϕi − ηi] = −∂∂¯gi,
whence
(2.17)
∂ϕ′ = 0,
∂¯ϕi = −∂(Adn
−1
i (∂¯gi)),
where (Adn−1i (∂¯gi)) ∈ A
0
e′ .
We will seek now for the desired form ω. Write ω = ψ + ∂h = α + η, where
α = ϕ + ∂h and h ∈ A0e is to be chosen in such a way that δ1(ω) = 0. As in
Proposition 2.3 (i), we have ω′i = Adn
−1
i (αi). Since ∂α = 0, we deduce, using
(1.3), that ∂ω′ = 0. One can choose h in such a way that ∂¯ω′ = 0. In fact,
ω′i = Adn
−1
i (ϕi) + Adn
−1
i (∂h),
where, by (2.12),
Adn−1i (ϕi) = ϕ
′
i +Adn
−1
i (ηi).
Note that d(Adn−1i (ηi)) = 0. In fact, (2.12) implies that ψ
′ = −Adn−1i (ηi) corre-
sponds to the form ψ = 0. Therefore δ1(ψ
′) = 0. But [ψ′, ψ′] = 0 due to Proposition
2.1, whence dψ′ = 0. It follows that d(Adn−1i (ϕi)) = dϕ
′
i. From (2.17) we see that
∂(Adn−1i (ϕi)) = 0 and ∂¯(Adn
−1
i (ϕi)) is ∂-exact. By Lemma 2.1 (iii), there exists
h′ ∈ A0e′ such that the form
Adn−1i (ϕi) + ∂h
′
i = Adn
−1
i (ϕi + ∂(Adni(h
′
i))
is holomorphic. Thus, we see that hi = Adni(h
′
i) satisfy our conditions.
We have chosen h in such a way that dω′ = 0. Now, we have
[ω′, ω′]i = Adn
−1
i ([αi, αi]) = Adn
−1
i ([ϕi + ∂hi, ϕi + ∂hi])
= ∂(Adn−1i ([hi, 2ϕi + ∂hi])).
Since this form is holomorphic, Lemma 2.1 (ii) implies [ω′, ω′] = 0, whence δ1(ω
′) =
0. Therefore δ1(ω) = 0, and hence ω is canonical.
Suppose now that we have another form ω1 satisfying our conditions and such
that ω˜1 = ψ+∂h
′ with h ∈ A0e . It follows from the above that the form ∂(h
′
i−(h
′
1)i),
where (h′1)i = Adn
−1
i ((h1)i), is holomorphic. By Lemma 2.1 (ii), h
′ = h′1, whence
ω = ω1.
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2.5. Now we are able to formulate our main result. Suppose thatM is a compact
Ka¨hler manifold. Let us fix a class ζ ∈ H0,1(M,S), a harmonic form χ lying in this
class and a Cˇech cocycle z = (zij) representing the class µ([γ]) ∈ H
1(M,K), where
γ = −χ¯+ χ ∈ Z1(RK). We are going to describe the subset
(2.18) Hζ = (Π
∗
0,1)
−1((p∗1)
−1(ζ)) ⊂ H1DR(M,G)
(see (2.8)). To do this, we note that r∗γ identifies the right square of (2.9) with (2.8)
(see n◦1.5). In particular, Hζ identifies with
H˜ζ = (r
∗
γ)
−1(Hζ) = Ker(p
∗
1 ◦Π
∗
0,1) ⊂ H
1
DR(M,E)
(see (2.9)). To describe the latter subset, we will use harmonic 1-forms from the
de Rham complex (Ae, d). Note that the vector space H
p
e of harmonic p-forms is
isomorphic to HpDR(M, e) ≃ H
p(M, Ce) (see n
◦1.4). Since Ce is a sheaf of Lie al-
gebras, there is a natural bracket operation [ , ] in its cohomology, expressed by
the bracket of e-valued forms via the de Rham isomorphism. On the other hand,
there is a natural action of the group of flat sections H0DR(M,E) ≃ H
0(M, CE) on
HpDR(M, e) ≃ H
p
DR(M, e) expressed by the action Ad on e-valued forms and pre-
serving the bracket operation. Let us define conic algebraic subsets H1DR(M, e)0 ⊂
H1DR(M, e) and H
1(M, Ce)0 ⊂ H
1(M, Ce) by
H1DR(M, e)0 = {ξ ∈ H
1
DR(M, e) | p
∗
1Π
∗
0,1ξ = 0, [ξ, ξ] = 0},
H1(M, Ce)0 = {ξ ∈ H
1(M, Ce) | p
∗
1ι
∗
e (ξ) = 0, [ξ, ξ] = 0},
where ιe : Ce → Oe is the natural embedding of sheaves (see n
◦1.3) and p∗1 :
H0,1(M, e) → H0,1(M, s), p∗1 : H
1(M,Oe) → H
1(M,Os) are induced by the
natural projection p : e → s. Clearly, they are invariant under H0(M, CE) and
H0(M, CE), respectively. We also need the corresponding subset of the vector
space H1e of e-valued harmonic 1-forms. By Corollary 2 of Proposition 1.7, H
1
e =
H
1,0
e ⊕H
0,1
e , where the first summand is the set of closed (1, 0)-forms, while the sec-
ond one is the set of closed (0, 1)-forms. Clearly, H1e is invariant under H
0
DR(M,E).
Define the following invariant subset of this vector space:
H
1
e0 = {ψ ∈ H
1
e | Π0,1ψ ∈ H
0,1
en
, [ψ, ψ] is d-exact}.
Note that all these cohomology sets and groups depend, up to isomorphy, on the
class ζ only, being independent of the choice of the cocycles χ and z.
Theorem 2.3. Let M be a compact Ka¨hler manifold and G a connected solvable
complex linear algebraic group having the Hodge property. Then
(2.19) H1DR(M,G) =
⊔
ζ∈H0,1(M,S)
Hζ ,
where Hζ is given by (2.18).
Assigning to any cohomology class τ ∈ Hζ the harmonic part of a canonical form
that represents the class (r∗γ)
−1(τ) ∈ H˜ζ ⊂ H
1
DR(M,E), and to the latter form the
corresponding cohomology class with values in Ce, we get the following bijections:
Hζ → H
1
e0/H
0
DR(M,E)→ H
1
DR(M, e)0/H
0
DR(M,E)→ H
1(M, Ce)0/H
0(M, CE).
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Proof. The decomposition (2.19) is evident. It is also clear that
H˜ζ =
⊔
σ∈Ker p∗1
(Π∗0,1)
−1(σ).
By Proposition 2.2, any cohomology class from (Π∗0,1)
−1(σ) contains a canonical
form ω. By Theorem 2.2, ω = ψ + ∂h, where ψ is the harmonic part of ω
and h ∈ A0e , and the correspondence ω 7→ ψ is a bijection between the sets of
canonical forms from (Π∗0,1)
−1(σ) and forms ψ ∈ H1e0 satisfying Π0,1ψ ∈ σ. By
Proposition 2.4, two canonical forms ω, ω1 lie in the same cohomology class if
and only if ω1 = Ad a(ω) for a certain a ∈ H
0
DR(M,E). Under this assump-
tion, ω1 = Ad a(ψ) + ∂(Ada(h)) which implies that ψ1 = Ad a(ψ) is the harmonic
part of ω1. Conversely, if ω1 = ψ1 + ∂h1, where ψ1 = Ad a(ψ) is harmonic and
a ∈ H0DR(M,E), then the canonical forms Ada(ω) and ω1 have the same harmonic
part, and hence coincide, due to Theorem 2.2. Thus, we get a bijection between
H˜ζ and H
1
e0/H
0
DR(M,E). The correspondences between harmonic forms, de Rham
cohomology and cohomology with values in CE , taking into account commutativity
of (1.20), give bijections between H1e0, H
1
DR(M, e)0 and H
1(M, Ce)0 and, hence,
between H1e0/H
0
DR(M,E), H
1
DR(M, e)0/H
0
DR(M,E) and H
1(M, Ce)0/H
0(M, CE).
We finish this subsection with two remarks.
Remark 2.3. The parameter group H0,1(M,S) in (2.19) is isomorphic to the com-
pact complex torus (PicM)dimS (see Proposition 1.8 and Example 1.1).
Remark 2.4. Let M be a compact Ka¨hler manifold, G a complex Lie group, P a
holomorphic principal bundle with base M and fibre G. It is known (see [O1], [O2])
that if P is given by a cocycle z with values in the maximal compact subgroup K
of G (in particular, P is flat), then small holomorphic deformations of P are flat
and are parametrized by AdP -valued harmonic (0,1)-forms ψ satisfying [ψ, ψ] = 0,
where AdP is the Lie algebra bundle determined by the cocycle Ad z. The condition
imposed on z implies that the homomorphism π1(M) → G corresponding to P
takes its values in K. If G is linear, we get a completely reducible representation
of π1(M). On the other hand, it was proved in [GM] that the representation
variety Hom(π1(M),GLn(C))/ IntGLn(C) has at worst quadratic singularities at
the points corresponding to completely reducible representations. Theorem 2.3 can
be regarded as a global result in the same direction.
2.6. In this section, we give some complements to our main result.
First, we note that the same methods allow to describe the cohomology set
H1DR(M,EN ), where EN , as above, denotes the flat group bundle with fibre N
determined by a cocycle z ∈ Z1(U, K). To formulate the result, we introduce
algebraic subsets H1DR(M, en)0 ⊂ H
1
DR(M, en), H
1(M, Cen)0 ⊂ H
1(M, Cen) and
H1en0 ⊂ H
1
en
by
H1DR(M, en)0 = {ξ ∈ H
1
DR(M, en) | [ξ, ξ] = 0},
H1(M, Cen)0 = {ξ ∈ H
1(M, Cen) | [ξ, ξ] = 0},
H
1
en0
= {ψ ∈ H1en | [ψ, ψ] is d-exact}.
Now, notice that a class τ ∈ H1DR(M,E) lies in Im i
∗
1 = Ker p
∗
1 if and only if any
canonical form ω ∈ τ satisfies ω ∈ Aen . In fact, ω = ωn + ωs, where ωn ∈ A
1
en
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and ωs ∈ A
1,0
es . If p
∗
1(τ) = ε, then p(ω) = ωs = δ0(a), where a ∈ FS . Clearly,
Π0,1δ0(a) = 0. If M is a compact, this implies that δ0(a) = 0, and hence ω = ωn.
The arguments used to prove Theorem 2.3 yield the following result:
Theorem 2.4. Let M be a compact Ka¨hler manifold, G a connected solvable com-
plex linear algebraic group having the Hodge property, N its unipotent radical and
EN the flat group bundle with fibre N determined by a cocycle z ∈ Z
1(U, K). As-
signing to any cohomology class τ ∈ H1DR(M,EN) the harmonic part of a canonical
form lying in i∗1(τ), and to the latter form the corresponding de Rham cohomology
class and the cohomology class with values in Cen , we get the following bijections:
H1DR(M,EN)→ H
1
en0/H
0
DR(M,EN)
→ H1DR(M, en)0/H
0
DR(M,EN)→ H
1(M, Cen)0/H
0(M, CEN ).
Remark 2.5. In particular, in the simplest case z = e, we get a description of
H1DR(M,N) in terms of H
1(M, n). Since N is contractible, we have a bijection be-
tween H1DR(M,N) and Hom(π1(M), N)/ IntN . A similar description of the latter
set for any simply connected complex nilpotent Lie group N in terms of harmonic
forms can be deduced from the results of [DGMS].
Next, we give a generalization of Theorem 2.3 based on the fact that the Hodge
property deals with the (0, 1)-parts of our matrix forms only. This suggests to con-
sider the following non-abelian cochain complex. Let Gˆ be an arbitrary complex lin-
ear algebraic group and G its connected solvable algebraic subgroup. Denote by gˆ ⊃
g the corresponding Lie algebras. Consider the triple RGˆ,G = {R
0
Gˆ,G
, R1
Gˆ,G
, R2
Gˆ,G
}
defined by
R0
Gˆ,G
= FG, R
p
Gˆ,G
= {α ∈ Ap
gˆ
| Π0,pα ∈ A
0,p
g }, p = 1, 2.
One verifies easily that RGˆ,G is a subcomplex (in the sense of [On3, On4]) of the
de Rham complex RGˆ with values in Gˆ (see n
◦1.1). This means that δp(R
p
Gˆ,G
) ⊂
Rp+1
Gˆ,G
, p = 0, 1, and that Rp
Gˆ,G
, p = 1, 2, are invariant under the actions Ad and
ρ of R0
Gˆ,G
. On the other hand, RG is a subcomplex of RGˆ,G and coincides with
RGˆ,G in the case Gˆ = G. One defines the 0-cohomology group H
0(RGˆ,G) (which
coincides with H0(RG)) and the 1-cohomology set H
1(RGˆ,G) = Z
1(RGˆ,G)/ρ(FG).
As in n◦1.3, we see that the triple {id,Π0,1,Π0,2} is a homomorphism of com-
plexes RGˆ,G → RG. It gives rise to the homomorphism of sets with distinguished
points Π∗0,1 : H
1(RGˆ,G) → H
0,1(M,G). Suppose that M is a compact Ka¨hler
manifold and G has the Hodge property. Then Π∗0,1 is a surjection.
To describe H1(RGˆ,G), we will use a twisting of the complex RGˆ,G. As above,
let us fix a class ζ ∈ H0,1(M,S), a harmonic form χ lying in this class and a Cˇech
cocycle z = (zij) representing the class µ([γ]) ∈ H
1(M,K), where γ = −χ¯ + χ ∈
Z1(RK). Denote by Eˆ the flat group bundle obtained from M×Gˆ by twisting with
the help of the cocycle Int z with values in Aut Gˆ, and by eˆ the corresponding Lie
algebra bundle. Clearly, the flat bundles E and e studied above are subbundles of
Eˆ and eˆ, respectively. Then we can define the subcomplex REˆ,E of REˆ given by
R0
Eˆ,E
= FE , R
p
Eˆ,E
= {α ∈ Ap
eˆ
| Π0,pα ∈ A
0,p
e }, p = 1, 2.
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The triple {id,Π0,1,Π0,2} is a homomorphism of complexes REˆ,E → RE giving
rise to the homomorphism Π∗0,1 : H
1(REˆ,E) → H
0,1(M,E). Clearly, we have the
following commutative diagram:
H1(REˆ,E)
Π∗0,1
−−−−→ H0,1(M,E)
p∗1−−−−→ H0,1(M,S)
r∗γ
y r¯∗χ
y
yr¯∗χ
H1(RGˆ,G) −−−−→
Π∗0,1
H0,1(M,G) −−−−→
p∗1
H0,1(M,S),
where r∗γ is the bijection determined by the mapping rγ : R
1
Eˆ,E
→ R1
Gˆ,G
.
Define the subset
(2.20) Hˆζ = (Π
∗
0,1)
−1((p∗1)
−1(ζ)) ⊂ H1DR(M, Gˆ).
Then
(r∗γ)
−1(Hˆζ) = Ker(p
∗
1 ◦Π
∗
0,1) ⊂ H
1
DR(M, Eˆ).
Choose a τ ∈ (r∗γ)
−1(Hˆζ). A cocycle ω ∈ τ is called canonical if Π0,1ω ∈ Z
1(EN ).
Our assumptions imply that any such class τ contains a canonical form which is
unique up to a transformation Ad g, where g is a flat section of E. Finally, define
the following conic subset of the vector space H1eˆ :
H
1
eˆ0 = {ψ ∈ H
1
eˆ | Π0,1ψ ∈ H
0,1
en
, [ψ, ψ] is d-exact}.
Then we get the following result:
Theorem 2.5. Let M be a compact Ka¨hler manifold and suppose that G has the
Hodge property. Then
H1(RGˆ,G) =
⊔
ζ∈H0,1(M,S)
Hˆζ ,
where Hˆζ is given by (2.20).
Assigning to any cohomology class τ ∈ Hˆζ the harmonic part of a canonical form
that represents the class (r∗γ)
−1(τ), we get the following bijection:
Hˆζ → H
1
eˆ0/H
0
DR(M,E).
The proof goes along the same lines as that of Theorem 2.3.
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